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ABSTRACT. The purpose of the present paper is to give asufficient condition for a
(Gaussian) hypergeometric function to be uniformly convex of order $\alpha$ which is also
necessary condition under additional restrictions. Similar results for the corresponding
subclasses of starlike functions are also obtained. Furthermore, we examine an integral
operator related to the hypergeometric function.
1. Introduction
Let A be the class consisting of functions of the form
$f(z)=z+ \sum_{n=2}^{\infty}a_{n}z^{n}$ (1.1)
that arc analytic in the open unit disk $\mathcal{U}=\{z : |z| <1\}$ . Lct $S$ , $S^{*}(\alpha)$ and $\mathcal{K}(\alpha)$
denote the subclasses of $A$ consisting of univalent, starlike and convex functions of
order $\alpha$ , respectively. For convenience, we write $S^{*}(0)=S^{*}$ and $/\mathrm{C}(0)=\mathcal{K}$ (see, e.g.,
Srivastava and Owa [11] $)$ .
Motivated by geometric considerations, Goodman $[3,4]$ introduced the classes UCV
and $l\mathit{4}\mathrm{S}\mathcal{T}$ of uniformly convex and starlike functions. Ronning [7](also, see [5]) gave
amore applicable one variable analytic characterization for $\mathcal{U}C\mathcal{V}$ . That is, afunction
$f$ of the form (1.1) is in IICV if and only if
${\rm Re} \{1+\frac{zf’(z)}{f(z)},\}\geq|\frac{zf^{\prime/}(z)}{f(z)},|$ $(z \in \mathcal{U})$ .
We note [3] that the classical Alexander’s result, $f\in \mathcal{K}\Leftrightarrow zf’\in S^{*}$ , does not hold
between the classes UCV and $\mathcal{U}S\mathcal{T}$. On later, Ronning [8] introduced the class $S_{p}$
consisting of functions such that $f\in \mathcal{U}C\mathcal{V}\Leftrightarrow zf’\in S_{p}$. And also in [7], Ronning
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generalized the classes IICI and $S_{p}$ by introducing aparameter $\alpha$ in the following
way.
Definition, Afunction $f$ of the form (1.1) is in Sp(a) if it satisfies the analytic
characterization
${\rm Re} \{\frac{zf’(z)}{f(z)}-\alpha\}\geq|\frac{zf’(z)}{f(z)}-1|$ $(\alpha\in \mathrm{R}; z\in \mathcal{U})$ .
and $f\in \mathcal{U}C\mathcal{V}(\alpha)$ , the class of uniformly convex functions of order $\alpha$ , if and only if
$zf’\in S_{\mathrm{p}}(\alpha)$ .
For the class $S_{\mathrm{p}}(\alpha)$ , we get adomain whose boundary is aparabola with vertex
$\omega$ $=(1+\alpha)/2$ . Also, we note that Sp(a)\subset S* for $\mathrm{a}11-1\leq\alpha<1$ , Sp(a) $\not\subset S$ for
$\alpha<-1$ and $\mathcal{U}C\mathcal{V}(\alpha)\subset \mathcal{K}$ for $\alpha\geq-1$ .
We denote by $\mathcal{T}$ the subclass of $S$ consisting of functions of the form
$f(z)=z- \sum_{n\wedge 2}^{\infty}a_{n}z^{n}(a_{n}\geq 0)$ (1.2)
and let UCT(a) $=\mathrm{U}\mathrm{C}\mathrm{V}(\mathrm{a})\cap \mathcal{T}$ and $S_{p}\mathcal{T}(\alpha)=\mathrm{S}\mathrm{p}(\mathrm{a})\cap \mathcal{T}$ .
Let $F(a, b; \mathrm{c};z)$ be the (Gaussian) hypergeometric function defined by
$F(a,b;\mathrm{c};z)$ $= \sum_{\mathfrak{n}\cdot 0}^{\infty}\frac{(a)_{n}(b)_{n}}{(\mathrm{c})_{n}(1)_{n}}z^{n}$,
where $\mathrm{c}\neq 0,$ $-1,$ -2, $\cdots$ and $(\lambda)_{n}$ is the Pochhammer symbol defined by
$(\lambda)_{n}=\{$
1, if $n$ $=0$
$\lambda(\lambda+1)\cdots$ $(\lambda+n -1)$ , if $n$ $\in \mathrm{N}=\{1,2, \cdots\}$ .
We note that $\mathrm{F}(\mathrm{a},$c;1) converges for ${\rm Re}(c-a-b)>0$ and is related to the Gamma
functions by
$F(a, b_{j}$ c; $1)= \frac{\Gamma(c)\Gamma(c-a-b)}{\Gamma(c-a)\Gamma(c-b)}$ . (1.3)
Merkes and Scott [6] and Ruscheweyh and Singh [9] used continued fractions to
find sufficient conditions for $zF(a,b;c;z)$ to be in $S^{*}(\alpha)(0\leq\alpha<1)$ for various
choices of the parameters $a$ , $b$ and $c$ . Carlson and Shaffer [2] showed how some
convolution results about $S^{*}(\alpha)$ may be expressed in terms of alinear operator acting
on hypergeometric functions. Recently, Silverman [10] gave necessary and sufficient
conditions for $zF(a, b;c;z)$ to be in $S^{*}(\alpha)$ and $\mathcal{K}(\alpha)$ .
2
UNIFORM CONVEXITY PROPERTIES
In the present paper, we determine sufficient conditions for $zF(a, b;c;z)$ to be in
$S_{p}(\alpha)$ and&(?P(ct) and also give necessary and sufficient conditions for $zF(a, b;c;z)$ to
be in $S_{\rho}\mathcal{T}(\alpha)$ and $\mathcal{U}C\mathcal{T}(\alpha)$ with appropriate restrictions on $a$ , $b$ and $c$ . Furthermore,
we consider an integral operator related to the hypergeometric function.
2. Conditions for uniform convexity
To establish our main results, we need the following lemmas due to Bharati et
al.[l].
Lemma 2.1. A sufficient condition for $f$ of the form (1.1) to be in $S_{p}(\alpha)(-1\leq$
$\alpha<1)$ is that
$\sum_{n=2}^{\infty}(2n-1-\alpha)|a_{n}|\leq 1-\alpha$ , (2.1)
and a necessary and sufficient condition for f of the form (L2) to be in $S_{\rho}\mathcal{T}(\alpha)$ is
that the condition (2.1) is satisfied.
Lemma 2.2. A sufficient condition for $f$ of the form (1.1) to be $in\mathcal{U}C\mathcal{V}(\alpha)(-1\leq$
$\alpha<1)$ is that
$\sum_{r\iota\overline{\sim}2}^{\infty}n(2n-1-\alpha)|a_{n}|\leq 1-\alpha$ , (2.2)
and a necessary and sufficient condition for f of the form (1. B) to be in&(?T(cz) is
t,h,0,f, the $\mathrm{r},ond,’,\cdot\dagger,i,on$, (2.2) is satisfied.
By using Lemma 2.1 and Lemma 2.2, we now derive
Theorem 2.1. If a, b $>0$ and c $>a+b+1$ , then a sufficient condition for
$zF(a,$b;c;z) to be in Sp(a) $(-1\leq\alpha. <1)$ is that
$. \frac{\Gamma(c)\Gamma(\mathrm{c}-a-b)}{\Gamma(c-a)\Gamma(c-b)}.(1+\frac{2ab}{(1-\alpha)(c-a-b-1)}.)\leq 2$. (2.3)
Condition (B. $S$) is necessary and sufficient for $F_{1}$.defined by $F_{1}.(a, b;c;z)=z(2-$
$F(a,b_{1}.c;z))$ to be in $S_{p}\mathcal{T}(\alpha)$ .
Proof. Since
$zF(a,b;c,;z)=z$ $+ \sum_{n\cdot 2}^{\infty}‘\frac{(a).-1(b)_{n-1}}{(c)_{n-1}(1)_{n-1}}z^{n}$ ,
according to Lemma 2.1, we need only to show that
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But this last expression is bounded above by l-a if and only if (2.3) holds. Since
$F_{1}(a,b;c,; z)=$
the necessity of (2.3) for $F_{1}$ to be in $S_{p}\mathcal{T}(\alpha)$ follows from Lemma 2.1.
Theorem 2.2. If $a$ , $b>-1$ , $ab<0$ and $c>0$ , then a necessary and sufficient
condition for $zF(a, b;c;z)$ to be in $S_{p}\mathcal{T}(\alpha)(-1\leq\alpha<1)$ is that


















Thus (2.8) is valid if and only if $2+(1-\alpha)(c-a-b-1)/(ab)\leq 0$ or, equivalently,
$c\geq a+b+1-2ab/(1-\alpha)$ .
Our next two theorems will parallel Theorem 2.1 and Theorem 2.2 for the uni-
formly convex case.
Theorem 2.3. If $a$ , $b>0$ and $c>a+b+2$ , then a sufficient condition for
$zF(a,$b;c;\prime ,) to be in UCV{a) $(-1\leq\alpha<1)$ is that
$\frac{\Gamma(c)\Gamma(c-a-b)}{\Gamma(c-a)\Gamma(c-b)}($$\frac{2(a)_{2}(b)_{2}}{(1-\alpha)(c-a-b-2)_{2}}+(\frac{5-\alpha}{1-\alpha})(\frac{ab}{c-a-b-1})+1)\leq 2$ .
(2.9)
Condition (2.9) is necessary and sufficient for $F_{1}(a, b; c;z)=z(2-F(a, b;c;z))$ to be
in IICT(a).
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Substituting (2.11) and (2.12) into the right side of (2.9), we obtain
2 $n \sum_{\approx 0}^{\infty}.\frac{(a)_{n+2}(b)_{n+2}}{(c)_{n+2}(1)_{n}}+(5-\alpha)\sum_{n-0}^{\infty}\frac{(a)_{n+1}(b)_{n+\mathrm{t}}}{(c)_{n+1}(1)_{n}}+(1-\alpha)\sum_{n-0}^{\infty}\frac{(a)_{n+1}(b)_{n+1}}{(c)_{n+1}(1)_{n+1}}$ . (2.13)
Since $(a)_{n+k}=(a)_{k}(a+k),\}$ ’we write (2.13) as
$\frac{2(a)_{2}(f\prime)_{2}}{(c)_{2}}\frac{\Gamma((i+2)\Gamma((i-a-f/-2)}{\Gamma(c-a)\Gamma(c-b)}+$ $(5 - \alpha)\frac{ab}{c}\frac{\Gamma((i+1)\Gamma((i-a-l_{J}-1)}{\Gamma(c-a)\Gamma(c-b)}$
$+(1- \alpha)(\frac{\Gamma(c)\Gamma(c-a-b)}{\Gamma(c-a)\Gamma(c-b)}-1)$ .
By asimplification, we see that the last expression is bounded above by 1–aif
and only if (2.9) holds. That (2.9) is necessary for $F_{1}$ to be in UCT{a) follows from
Lemma 2.2.
Theorem 2.4. If a,b $>-1$ , ab $<0$ and c, $>a+b+2$ , then a necessary and




Proof. Since $zF$ has the form (2.6), we see from Lemma 2.2 that our conclusion
is equivalent to
$\sum_{\tau\iota=2}^{\infty}n(2n-1-\alpha)’\frac{(\mathit{0}+1)_{n-2}(b+1)_{n-2}}{(c+1)_{n.-2}(1)_{n-1}}\leq\frac{C_{r}}{|ab|}(1-\alpha)$.









This last expression is bounded above by $(1-\alpha)c/|ab|$ if and only if
$2(a+1)(b+1)+(5- \mathrm{a})(\mathrm{c}-a-b-2)+\frac{1-\alpha}{ab}(c-a-b-1)_{2}\leq 0$ ,
which is equivalent to (2.14).
3. An integral operator
In this section, we obtain similar type results in connection with aparticular
integral operator $\mathrm{G}\{\mathrm{a}$ ) c;z) acting on $F(a,$b; c;z) as follows:
$\mathrm{F}(\mathrm{a}16;$ c; $z)= \int_{0}^{z}F(a,$b;c; $t)dt$ . (3.1)
Theorem 3.1. (i) If $a$ , $b>1$ and $c>a+b-1$ , then a sufficient condition for
$G(a, b;c;z)$ defined by (3.1) to be in $S_{p}(\alpha)$ is that
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$\frac{\Gamma(c)\Gamma(c-a-b)}{\Gamma(c-a)\Gamma(c-b)}(2-\frac{(1+\alpha)(c-a-b)}{(a-1)(b-1)})+\frac{(1+\alpha)(c-1)}{(a-1)(b-1)}\leq 2(1-\alpha)$, (3.2)
(ii) If $a,b>-1$ , $ab<0$ and $c> \max${ $0$ , a $f$ $b+1$ }, then $G(a,b;c;z)$ defined by






$G(a,$ b;c; $z)=z+ \sum_{n\overline{\sim}2}^{\infty}\frac{(a)_{n-1}(b)_{n-1}}{(c)_{n-1}(1)_{n}}z^{n}$ ,
we note that
$\sum_{n\mathrm{s}A}^{\infty}.(2n-1-\alpha),\frac{(a)_{n-1}(b)_{n-1}}{(\mathrm{r})_{n-1}(1)_{n}}$
$=2 \sum_{n*1}^{\infty}\frac{(a)_{n}(b)_{n}}{(c)_{n}(1)_{n}}-$ $(1 + \alpha)(\sum_{n\Rightarrow 0}^{\infty}\frac{(a)_{n}(b)_{n}}{(c)||(1)_{n+1}}-1)$
$= \frac{\Gamma(c)\Gamma(c-a-b)}{\Gamma(c-a)\Gamma(c-b)}(2-\frac{(1+\alpha)(\mathrm{c}-a-b)}{(a-1)(b-1)})+\frac{(1+\alpha)(\mathrm{c}-1)}{(a-1)(b-1)}-(1-\alpha)$ .
which is bounded above by l-a if and only if (3.2) holds. This completes the proof
of (i). To prove (ii), we apply Lemma 2.1 to
$G(a, b;c;z)=z- \frac{|ab|}{c}\sum_{n=2}^{\infty}\frac{(a+1)_{n-2}(b+1)_{n-2}}{(c+1)_{n-2}(1)_{r\iota}}z^{n}$ .









which is equivalent to (3.3).
Now we observe that $\mathrm{G}\{\mathrm{a},$ $b;c;z$ ) $\in \mathcal{U}C\mathcal{V}(\alpha)(\mathcal{U}C\mathcal{T}(\alpha))$ if and only if $zF(a, b;c;z)\in$
$S_{p}(\alpha)(S_{\mathrm{p}}\mathcal{T}(\alpha))$ . Thus any result of functions belonging to the class $S_{p}(\alpha)(S_{p}\mathcal{T}(\alpha))$
about $zF$ leads to that of functions belonging to the class $\mathcal{U}CV(\alpha)(\mathcal{U}C\mathcal{T}(\alpha))$ . Hence
we obtain the following analogs to Theorem 2.1 and Theorem 2.2.
Theorem 3.2. (i) If $a$ , $b>0$ and $c>a+b+1$ , then a sufficient condition
for $G(a, b;\mathrm{c};z)$ defined by (3.1) to be in&( $\mathcal{V}(\alpha)$ $(-1\leq\alpha<1)$ is that the inequality
(2.3) is satisfied.
(ii) If $a$ , $b>-1$ , $ab<0$ and $c,$ $>a+b+2$ , then $G(a,b;c,;z)$ defined by (S. 1) is in
$\mathcal{U}C\mathcal{T}(\alpha)(-1\leq\alpha<1)$ if and only if the $e$ nequality (2.5) is satisfied.
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